We present a procedure for constructing a group theoretic dual problem with no duality gap to a given bounded integer programming problem. An optimal solution of this dual problem is easily determined and an optimal solution of the integer programming problem can be obtained by solving only one group optimization problem.
Lagrangean dual problem
We consider the following integer programming problem:
(1-1) z* = minimize cx.
subject to x E X= {x I Ax~b. O~x~M. x E Zn}.
where A = (a . In the next section we shall show that there exists a finitely large d
for which an optimal multiplier vector u* is easily determined and it is sufficient to solve only one group optimization problem to obtain an optimal solution of the problem (1-1).
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k·d. which is not less than d .. Ld(u*) = L~ = z*, x S is an optimal solution of (1-1) for any s E Sd(u*)
Ld(u*,s) }.
proof.
For an infeasible solution x S of (1-1), define the nonempty set For group optimization problems several algorithms have been proposed [4, 7, 10] , and some of those are applicable to the bounded-variable case [9] . Although most of the algorithms for group optimazation problems require the nonnegativity of the objective function coefficients, it -is not necessary in (2) (3) (4) (5) (6) since the bounded-variable constraints serve to make the number of possible solutions finite. It is preferable, h01,yever, to make the objective function coefficients nonnegative from the computational point of view.
Lemma 4.
If the bounded region { x I Ax ~ b, 0 ~x is nonempty, then there, exists a multiplier vector u* satisfying both c + u*A ~ 0 and u* ~ V for a given V.
proof. Suppose on the contrary no such u* exists, then by Gale's alternative theorem there exist nonnegative vectors z and y such that Az + y = 0 and cz -Vy = -1. Then z 1 0 for otherwise cz -Vy 0, which is a contradiction. 1berefore
we obtain that z ~ 0 and Az = -y ~ 0 which contradicts to the assumption that the region is bounded and nonempty. [1] Bell,D.E. ,"Constructive Group Relaxation for Integer Programs", SIAM J.
